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1.1 ���
7$8A½$/9¾�)�Q|¿RÇ�Ô$7$8�ö��9 ��NI!���9Ó�ß$Ô�ã���ß ù! ò�ÓCä�åEæE@
§�FN½$/9¾�),+KQ�Â�á9FHÏEÄ� �"�#|Ç�$&%('*),+4ÔK��©6ªP/h2*/`Ü�7$8*-4 . I��|�,���~½$/9¾C),+KQ�Â�30/6)21�+43��0/HÊcF�â4¿0@��,Ê!F43�5E�9l
67 @hÕ�Ó��98�: ò�Ô�Ä� �6 7 �<;Ø×,=
�NF`ß9��@$ÇC7$8�½$/9¾�)h+KQ�Ü9>�?
Â9á�ÍAÎÐÏ.¿ôÔ�ÄÝÎA@Nï4ß9á�ßó×£Ñ�ÒôÂ9á9FHÏ òôÑ�ò�ÔPâ�âhÂCB!���$Ó ù 7
8�½$/9¾�),+EQ$Ç�Ô�Ä� &D4l0¯�EKÇ9FHG9���EÂ9á�× Ô�ÄÝÎÞÓE��ß9IKJNÂ�ÇØS
ª*LK) & ÃE¿CÃK¿MFHG*NKO�G!�<PKQ.òô��BÝ× Ô(FHG9���P��R*SP@�8�:ýòôßHT. 54Üh÷
U
V ¿6l4F`ÌEÍcÎÐÏ

1.2 W�XZYZ[]\_^Z`Zacb dfehgji�kjlnm�oqprlts
Ä*ÃRÄ*Ã & �`�N5h���C� ¿RÇ*ê4ÎÙÓN�,ßhä$å4æ�Âvu�Ó���ÓKF` �Â�á�Í!ÎÞÑtw

è*x�Ç�y Î� �Ì�Ü$Ä� `"$#�%.¿�ò���'9)6+ -6/$1h2N39/,Ücò4z!ò4zR�2{,çPFôÏ
Ä� 0ä�åEæ4Ç
|$¿t$d��}|É�~K��Ì$'$+�µ & í
��'�+�µ�5*@  ß�@�uNíH�*�!�� ��Fh'�+�µ &��Nö�'�+�µ�5|���(IÝò�ÔC�*��í��|���j�Cß9�EÂCí
��'�+�µ4�
�������Ý¿Nòô�&�PF�Ã` �Â9á9FHÏcÃ&�NÍ9�v�Nö9'�+�µ�ÇNá!ÒôÑ
�6��µ*¥$1��
� þ ç9��Ó*FôÏ|â|ÎA�|FE¿�Ô2� �$�ó¿RÇ0U�W��� ��(���!¿�Áj�,Ä.ÎÞÂ�á�FôÏ�¿
Ó Î£ KÃ67$8�ö��El!êHÂv���AÃ��|���4É�ß�ÔH�
u2�h�P@�����8P��Ñ4D6ÔH���
�K C�
u2�h�!���9æ&�!F4�
� ¿����E���$Ó|FHÏ�è*x$7$8N���.¿6Ç�ÔPâ, v���
8.¿�òô�( E@`a9b4Q!-d+4lEÃ` 9���KÓ Î£ã ù Ä� 0¯�E|��¡��Ýò�ß*Ã` c¿dÁ¢�
FHÏ�j9k4lhm!��£2¤E§!Î Ô9�Nö9'�+�µA¿Nòô�

Σ =` 1001 a (1)

¿ôÔ4á�FH¥C]óòôß*Ã` 9�R��¦�Ï�í
��'�+�µ9@�Ç
Γ =` BBB... (2)

¿Nò�ß*Ã, 9�<�
I�ÊcFôÏAâ�âhÂ ` Ç�§�¨4Ô a Ç�©�¨9Ô B Ç(ª«�$/�¶$��¬�ÊAÃ
 �Â�á9FHÏó& ` Ô a Ô B Ç0|®­Z$·ÂC¯ þ çE��lCÓ�Â�Ç�l�Ó�Ñ!¿�üýÎ�Ñ*ÃKòÞç*l
Ó9Ü�ÔCm0�(z `= 010 Ô a= 010 Ô B = 000 ¿RÂ*Ã*òô��BKD
zE§hÓ�Ï�ÕKã ×° �N ��t±,ö*Ç
|$¿t$·ÑAÒRl4F�â4¿0@4Ã<²�I�5
â$âHÂ`���9�&�|@0B$Ó���³óòÙÿKD´�0�RB$Ó��CB ù >&?�Ü�á�F�ÏNâ0 hí(�$'$+

µRÔ9��ö4'�+�µ�Çvµ�y�v�çE�$Bý×·¶Kl4F�â4¿6Ç�l�Ó9Ü�ÔNß�Ì�òK)ÙÕE 
��@�Ç
B(¸NÓ9 `U�W &¹|�ÑZ$ 5|���9�CG*uP��ºAâôÊ ” »c¼AS ” ¿dÁ ÎRÃ` �Ü9á9FôÏ�½
���$öN'�+�µ$Ü����|� � ��FE¿·ÁE�,ß$Ü�Ô452¾�ÇEâ6 �»n¼|S ÂNá�F�ÏKâ0 �»¿¼
SÙÇ�Ô�U�À|@�ÁZ�ô��í
��'�+�µN ¿|$¿t$£�vÂE� ù ×ÄÃÝòôßó× Ô�'�+�µ&Å*�<�
uÝòôß ×ÙÊcFHÏ
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�P��ã�ßHÆ�Ê`Ï*Ç*@<���Ý¿Nòô�
Q = {q0, q1} (3)

q0 = (4)

``→` RRq0

0B → 0RRq0

1B → 1RRq0

a B → 0SRq1

q1 = (5)

a B → A

��ÈHÉ9ÊcFHÏ~â�âhÂ*±$�4É�ß R Ç�ÔH»]¼ASÞ�<©!@�uEÑCÊ�â4¿h�CIKJ~ò & L
Ç�§P@65 S Ô A Ç`ÔCÊ9V|Ç���öN'�+Nµ� C»¿¼!S  Cu|É���ËK�CÔ��&V|Ç,�����(�
��Ì�IÝòô�CÍ*Ë�ÊcF�â4¿0��IKJ�ÊcFHÏ
èNÇ�âH <Î�íNÇhÔ Àv�
ª��C/C¶0 6í9��'�+�µ$@´��ö�'C+�µ���½�¾£+!òÞÔÙÄ� <�
)ÐÏ$ÊPF�ÏE¿£ÓóÎ ���*�Eò��`ÓKF &Ñ��öK� 1001 ¿·Ê$çKz`ÔMÒ 1001 → 10010

Ü*±4FR5 Ï��*ß*§!Î�lEÃ, 9�
Q = {q0, q1, q2} (6)

q0 = (7)

``→` RRq0

0B → 0RRq0

1B → 1RRq0

a B → BLLq1

q1 = (8)

00 → 1RRq2

11 → 1LLq1

q2 = (9)

11 → 1LLq1

a B → A

¿Nò���í�ç2z�Ô9Ó��*ÇÔ$£��Õ�Ê9'*),+.-0/�1,2434/`Ü9Ö�iNÊcFôÏ
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Ã&��Í9��Ôv× ×AÃÝò6@�l4F`Ü9Ø��E C�����PÜ9Ù
Ú
�ý×�'*),+ó-0/�1,2434/
 ���IKÂ9u9Ó��KF9{�D�Â�Ç�l�Ó�Ï�è�x4@�ÇCÛ9+ S�z9Ü���@�Ý�Þ.òôß9uNí|�Pò
�$Ó*F`Ü�Ô�'*),+ó-0/�1,2434/C �uNí*@,ì|É6f¢�C�Hßj�NF�â4¿RÇ�[�\.¿ þ ç
�$Ó|FôÏ
'*)h+.-0/�1,2439/�Ç�ÔHà
á*Ç�âNç*l�Ó�Ü�Ô����9[�\$¯!á9F0Ó4Ç`����74 

](ã|@�ä(¡|Â�á�× Ô�ÄPâhÂN �](ãEÜ9Ø��E C�����PÂ*Ãôi ×æå$ÕAâ4¿HÜv¬ þ ç
�$Ó*FC �Â�ÔPâôç4Ü������! hä�å9æ~¿Nòô�$'*),+ó-0/�1,2434/,Üh�j{`çcFHI
à*¿6l9FHÏ [1]

1.3 çéè_eêgji�kjl¿m�o_prl
���ó¿6Ç$µ*¥$1��C� þ çEßCU�W«�$ ��
�*Â9á9FE¿�Ó Î�ë�Â�Ç�Ô�7$8N�����
@4Ã´y4Ó4Ç�l�Ó�Ï�7$8N�����Ø¿��C�������Ø¿æy Î·ë4Ç�Ô$7$8N�$���A@CB�Ó��
Ç,U�W.¿Nòô�n|�¿t$·Ì4D�Â�l ù Ô�Ä�çÝÒH 9¶*ìHí2{Cî�Ã4ïNÊ�ë�Â9á9FHÏNÊ*l
{��CÔ |α|2 + |β|2 = 1 �<ð*ßCÊ$X�ñ$�Ý¿�òô��Ô

Ψ = α0 + β1 (10)

l4FHU�WAÃ0'�+�µ9@�}|É�~*�9F &òÓ���U�WEÂ9á9FNâ4¿h�Có�îNÊcF,ß9��Ôc|$¿
$d� |0〉, |1〉 ¿!} ù â�¿6@0Ê!F65*â�ç4Ü . I4�9@`[C\*lhU�W4Â�áNFNâ9¿RÇ�Ô0m
�Hz�ô�õ�"�+�ö�/.L ��÷NÕ�ø|¾�/ 1

2
 �ùN8|��ßj�Rç«z9§6Ó�Ï�ø*¾�/ 1

2
 �ù�8

 �ø|¾�/CÇ�Ô�7�8(ú| Cû2ü�� Z û2ü�@�8�]�Ê�ç«z�ÔKýCÑKþ� !ê��*ÒôÑ�Â$Ô�Ä
ç|@hÀN]�ÿ*�,À��Pl�ô��|��Ñ9D0ç2z4§0Ó`ÏKøP¾�/K¿ Z �E Nl,Ê��P���h¿�Ê�ç
z cos θ

2 |0〉 + eiφ sin θ
2 |1〉 �
	AFNâ4¿HÜ�Â4É�FHÏ

ã$ß*â$â0Â$Ô�ÓKã$Â¿|�¿2$0¿��
��Â�ÓNßKÃ, ���
��(¼cL

R¿��H¦!â9¿6@Pò�Ô
Å�Â`Á4�Cßv¶�ì9í«{�îAÃ´ï�Ê��(¼cL  Kâ9¿0����)0+���¼cL�¿��H¦!â�¿6@0Ê!FôÏ
â, ���),+���¼�L·�6ñ!@ N â´÷P��� ù çtz�Ô 2N � ÃC `U�Wc��¶*ìHít{Cî!�
��I�Ê!FNâ9¿�Ü�Â9ÉNF�Ï`m¢�9z N=3 ¿�ò��9�P§|Î Ï,Ê!FE¿�|dÑAÒ��dã�Â� h�
���¢�!¶�æ�Âv¯�é4Â9É�FHÏ���),+���¼�L·��½(�*@�ï4ß
øP¾�/K¿Nò���Ô��ÙÕE 
��)6+���¼!L ° �9��Å�üNÉ$@��
¼ALHò���B ù & U$WKÇ |0〉|0〉|0〉 5 Ï�{�Ñ ×ÞÓ�Ó
§!Î�@���ÂH}�Ó��$B!âPÎ

↑ ↑ ↑ (11)

âôç|@�ô��P��Ñ4DNFK¿ & ��!*ÂCô��|��¯NÊN5
" ↑ " ↑ " ↑ " ⇀

=lll
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â�âhÂ

lll= 1

2
√

2















































































↑↑↑
↑↑↓
↑↓↑
↑↓↓
↓↑↑
↓↑↓
↓↓↑
↓↓↓

(12)

l(�c¿�ÓE���*Ã67$8A½$/9¾�),+KQC HóNæ4ÇKâ, 9¶�ìHí2{CîKÂ9á9FôÏ òôÑ�òCâ
 Cé�#!�`'*),+.-0/$1,2434/`Âv¯EÄóÎC¿dÊcFK¿ôÔ$'*),+.-0/�1h2434/C �'�+
µ�Ü9Ç4Ñ�Ò!Çj�*¿%$j�C��òHãóÎ0â4¿R@�l~×,BEÓE@ ù Ó�ÏEÄPâhÂ$'K),+.-0/�1
2434/�@�&«{EF('H�� �ø�'¿¼RµRÔCG�IKn�o4Üv>�?*@�lN��� ù FHÏ
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2
���*),+.-0/ 1

2.1 W�XZYZ[]\32547698�:�;7<]i =
���N�����A@CBKD�F>&�¯E��lhG�IKJ$+MLH¿Nòô��Ô NOT OR AND XOR l
êh�@?�A òô�$B ù Ï

NOT B G�IDC9]
|0〉 → |1〉 (13)

|1〉 → |0〉

OR B �Nö|@ |1〉 ÜFE|ã,çE� þ �,Ó�ç2z |1〉

|0〉|0〉 → |0〉 (14)

|0〉|1〉 → |1〉
|1〉|0〉 → |1〉
|1〉|1〉 → |1〉

AND BHG*D0�
|0〉|0〉 → |0〉 (15)

|0〉|1〉 → |0〉
|1〉|0〉 → |0〉
|1〉|1〉 → |1〉

XOR B 2 ��Ió¿�ÊcF�Õ.ò��
|0〉|0〉 → |0〉 (16)

|0〉|1〉 → |1〉
|1〉|0〉 → |1〉
|1〉|1〉 → |0〉

â0 6G$I9J�+ L ÜNá�F9¿�ÔR'�)R+~-R/�102�3N/C@@&�{9F$Ãh �Ü�Â�É�FôÏC'N)R+
-0/�1,2434/�Ç,j4kE@hÁ ÎC¿HÔ�í
����¼�L Ô9�Nö���¼�L·��»]¼AS Ü9�9æ(~K�
Â�Ô�í�����¼�L  9}|É6f¢���<G!���$Ó|F�@hÊ*Ë$l�Ó�ÏEÄ���lF��íK ,�|Ç

|0〉|0〉 → |0〉or|1〉 (17)

|0〉|1〉 → |0〉or|1〉
|1〉|0〉 → |0〉or|1〉
|1〉|1〉 → |0〉or|1〉

7



� 1: m

 24 = 16 �Ø×Há9FRÏ�Õ*ãó×dÄ*�9l 16 �Ø×·ÊNïE�E�hGNIKJ�+ L Â,å*æ&ít{
îAFNâ4¿HÜ*±KJ�ç2zCÓ�Ó�{9D�Â9á9F�Ï~âôçP�hè�x�í!F�â4¿6Ç
±KJ9��ÔCm0�&z
AND ¿ NOT �ô�c����è�é4Â4É�F &ML�\9'K),+.-0/�1,2434/65 ÏONQPNÇ(P@R
Â�Ô~ò�Ñ�ò�öDS ù  KÃ` �ÂNÇNá9F`Ü�Ô 16 �ý× ° �� K��í!� AND ¿ NOT �
�9Ó��C¯�é�Ê�ç2zE§0Ó�Ï

2.2 çéèéYZ[]\32547698�:�;7<]i =
òôÑAò£7$8N�����P HóNæ4Ç����AÃ�ó�î òôßA¿�B.×·¶*ìHí2{CîKÂ�á9FHÏ*¶*ì

á&{�îP�0è�é$ÊPF�@�Ç�Ô NOT Ô OR Ô AND  @�P@ 2 Õ4 ���ö9ÑAÒ 1 Õ9 
±hö
�(±hÊA§!Î�lFT9[�UEl`e$f!�,7$8������! �J$+MLô¿Nòô�h� Î£ �Ç�V*ãAò ù l
Ó�Ï�Ê*@�@Nï4ßA¿�BÝ×Þ7$8N�����!@CB�Ó���Ô$���������A@CBKDNFt|$¿t$Þ 9}
ÉRft��Ç6X*ñ 2 Ç(W4 `aNb9Q!-Þ+�e�f|@$á�ß4FôÏA& 7�8��$�4Ü`a�b9Q!-�Â�á�FX Å UU Y = U Y U = 1 5�ÄPâhÂ  ò�Ó�J$+ L·��?(Z�ÊcFHÏ[]\

NOT Ç�ÔR���N���K@`B4DNF XOR  >^!É�Ã6Â9ÉNF 2 �$)0+��H¼PL J�+
L Â�Ô67�8����*@`B�ÓN�v¶�?9l
_(`|���EßhÊCÏ 2 Õ4 ��$ö��H¼!L  ÎM�0ÀHû|�[�\ ��¼�L ÔKa*ûP�cb*����¼�LH¿��(¦�Ï [�\ ��¼�L·�Dd>e�ÊcFCß9��@�Ø��Dfg ��hK���9á9FHÏQ�� �§Di*Ñ�Ò���ö þ ç4Ôv©Di!@(±,ö þ çcFHÏ [�\ ��¼�L Ü
|0〉  c¿hÉ$Ç��
�!��ºAâ þ l�ÓNÜ�Ô [�\ �
¼�L Ü |1〉  c¿hÉ$Ç NOT J$+MLH¿
òô��^ ù ÏNÁ9Ó�f0��FK¿ôÔ [�\ ��¼�L |a〉 ¿jb*����¼�L |b〉  C�NöKÜ9áhç2z�Ô
b*���
¼cLÙ@ |(a + b) mod 2〉  �±,ö4Ü9áNFC �Â$Ô@R|Ñ�@ XOR  @^cÉ��Pò��
Ó|FHÏ 2 ÕE C�NöP@�kÝòôÔ�P@R!l 2 ÕE *±,öEÜ4á9FC �Ì�Ñ�ÒHÔ�U4Ü9á4F�â4¿
Ç(PAÒ�Ñ�ÌEÍAÎÐÏ
â�â0Â*Ã�à
á|@hÕ�Ó���Çml$çEl�Ó�Ü�Ô [�\�n ¼�Lô¿ 1 ��¼�L  Ca9b4Qc-d+

e$fK håEæHí2{CîKÂCî�ï4�N �a9b�Qc-d+$e$fKÜ�èHG*Â4É�F�â4¿ôÜCÊEÂ9@�¬ þ
çE�$Ó*FHÏ
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� 2:
[]\

NOT J$+ML

� 3:
[]\

NOT J$+ML
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Å4 (��@C}�Ó�ß�7�8N���K N�Cª4��1����� H�(û*Ç�ÔFoO!PÇO��)h+���¼�L·�
¯Ýò�Ä� 9ÅE@ |0〉 ¿ |1〉  v¶�ì9í�{�î�U�W4Ü`ì9Ñ`ç!FôÏ9�`ª��91
�C�N�
p�qK 
§!Î�@�§*Ñ�ÒÄ©!@v�9��Ó ù & ¾@r�5|@4§����NÇ�©*ÑAÒæ�KãCî!FNÃ` KÃCá9F65 Ïs !|Ç�t�uwvH¿���zhç�x���yFu���¼�v,�DzF{*¸�í(��|�¯ ò�ÔOt�uwvj|��&��Ê
x`ß�}�~]�]�D���C8��������m�������%u�����|�Ì���xc�

2.3 �_l��hl
mnb��%���
�Q�]� �@�(���D ¢¡ 0 £ 1 �
¤ ��¥§¦]¨

NOT zm©]ª�«�¬c­O® ��¯ x�°��@±² «�~(�´³]µ���¶�·�¶�·�¬
¸�¹]°�º�»�xc�D¼�½�¾ ¦�¨�¿OÀ vÁ~�Â�Ã]Ä�ÅFÆO�
� |0〉 + |1〉 |
Ç�È����FÉ�« ¿OÀ vÊ° 1 z���¹m�K�O�D�D���]ËmÌ �

(|0〉 + |1〉)|1〉 = |0〉|1〉 + |1〉|1〉 (18)

�O¯ x���Í��Q~ ¦]¨
NOT |�¸Q£@Æ�x����]º@���( �¡KÎ�Ï��(Ï�ÐcÑwÒÓ����ÔÖÕ× Ä�µ]Øm�D�OÙ

|0〉|1〉 + |1〉|0〉 (19)

|@Ú�xOÍ���°Oº�»�x��]Û�|@Ü��Q¾�Ý�Þ%ß�£´xF°���Í��´�mËFÌ�zFà � £���¬m¶m�¦]¨9¿�À vá° |0〉 ¬�â§ÉQ« ¿(À v§��ã(ä |1〉 z��(� ��¯�¥ �FåQ~ ¦]¨9¿(À vá°
|1〉 ¬�â§É�« ¿DÀ v§�Fã(ä |0〉 zK�D� ��¯ xæÔçÍ��´°mÕ × Ä�µm¡�¶�xOÍ��@|@èé Ý�x>Ùê�Oë��
ì�í�~�îmµ�¡�ïñðFxc{�ò(zmó ��¯ xc�

2.4 ô5õ�öø÷�ù�ú9ûýü9þ
ÿ ~�Ô ± ² ����� � ÙQº�¡��mx��	��
�z � Í(Í � Â�Ã]Ä�ÅFÆ��
���>u � ¹

¬]¶�Í��@~F¤�¶�¡��O��î�
 ��
� ��������~�î(xc�� è�z]�O��°����
u � ¹�x������5 >¡D� � Ø |a〉, |b〉 | �"!´¬$#�%ýv Ñ��
Ý�xc�

C|a〉|0〉 = |a〉|a〉 (20)

C|b〉|0〉 = |b〉|b〉
& µ�¡��

C Ô α|a〉 + β|0〉 Ù |0〉 = α|a〉|a〉 + β|b〉|b〉 (21)

 �£� KÍ���� α|a〉 + β|0〉 z '�(
Ô α|a〉 + β|0〉 Ù9Ô α|a〉 + β|0〉 Ù (22)

�
� α = 1(0), β0(1) z�)(Ä�*,+���-Q¬�xc��
��.0/ �
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3 1325476
± ²,8 �Qt�uwvÁ~(� 2 9�: ¯�¥ ��;D¤Q� 1

¿OÀ v z]�������%u���� � ³<

;D¤Q� ¦�¨

NOT
��¯ xF��� ¥�¯ ½
ä � ÿ ��ÍFz 2 ¤´z�=$>Q�mÚ(��xO³Kz��

 �¡�?�|A@<B�Cc� � Ø(��D]��âFE G × Ä�ÅFÆ ��H ¡�E]± ²�I�J °,K�®�~(¬0C

3.1 LNM��7O�PRQTSNUWVYX
Ò[Z�\(Ø�]���� � è^Em�������`_����Q°�� 2 a�bc_ ¿(À<d E ¦]¨

NOT � 1

a�b�_ ¿OÀed E]�������`_����"E G × Ä�ÅFÆ � Ú(��C�Í�� fcg5 �¡�¶hCc�� ä�D�E�Ø�B,E�i$j5�O �¡ ¦�¨
U ¬0CO³�E�f�Ú�C Ô ¦�¨

NOT ��D�E�k,l
¬Fà ��¯ C
Ùê�� è^E SU( m ) n�o U ~qp9 �¡ A,B,C f ABC=I � AXBXC r U �>¬�CDî

�~@Ç�È�Í��c°�ºK»�¡(�K¼�½�¾

U = Rz(α)Ry(β)Rz(γ) (23)

�s=ut�n�o R f@ë�¶�¡mß,v� ¢� 3 ¤^E]�������w_un�o A,B,C f
A = Rz(

α − γ

2
), B = Rz(−

α + γ

2
)Ry(−β

2
), C = Ry(

β

2
)Rz(γ) (24)

x
4: U y,_ d � ¦�¨

U y,_ d

z
{ ÍqE ¦]¨
U
� fs|�µ]¡ � è
Em�������w_]���Q°OºF»<COÍ��cfAgOÝK� �� Eq}�~Q��*���Eu� ¥%� � � è
EF�D� Ô ∑a,b=0,1 Cab|a〉|b〉 Ù�£�â 4 ¤^E����
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|0〉|0〉, |0〉|1〉, |1〉|0〉, |1〉|1〉 ���q�(��� � ¹�CDÍ��AfAgDÝF�,D�
ÊÝ(�Q¾K�@�
�����w_������Kå�° ¯ CuE��D£�â��������Q£�â � è
EK�D���D��� � ¹�C�Í��{ ¬0C�� 3

¿OÀed *�� { �0� Ý�C�Í��
��D�E ��ë ��¯ C��
Ø�B�  {u� ��¤��

1
∑

a,b=0

Cab|a〉|b〉 → |1〉|1〉 (25)

f ��½m¡ × Cc�5 �£� FD�Eu� { ��y,_ d E n�o���g<fq�� �¡,����ã���° ¯ C
�	��ÅF��Cc� � ä���� |0〉|0〉, |0〉|1〉, |1〉|0〉, |1〉|1〉 �qn�o���� �

|0〉|0〉 =













1

0

0

0













, |0〉|1〉 =













0

1

0

0













, |1〉|0〉 =













0

0

1

0













, |1〉|1〉 =













1

0

0

1













(26)

�F�,�� c¡,�T� ����� ¿OÀed { ¦�¨5¿DÀed ���Rm ¿(Àed fcÉ�« ¿OÀed { Ý�C¦�¨
U �

U =













1 0 0 0

0 1 0 0

0 0 u11 u12

0 0 u21 u22













(27)

� Ømå^E������ ¿DÀ�d f�É�« ¿DÀ�d �u�Rm ¿�À�d f ¦]¨�¿(À�d �O �Ø ¦�¨
W

�

W =













1 0 0 0

0 u11 0 u12

0 0 1 0

0 u21 0 u22













(28)

�0{ �N� ¿(À<d f NOT �q��m ¿(À�d fc� � �]� Ô�y�_ d ¬�  Ù��D �Ø´³�E��
(

0 1

1 0

)

⊗

(

1 0

0 1

)

=













0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0













(29)

Í���fs|�µ�¡���EQî<
¢¬,=$>hf�Ú���¾]Ë
] { |1〉|1〉 fc 5â`��Cc� � ä�¡�¢hE
y,_ dá�












1 0 0 0

0 1 0 0

0 0 u11 u12

0 0 u21 u22

























c00

c01

c10

c11













→













c00

c01

0
√

c2
10 + c2

11













( £0¤�¥�¦w_u§�î ¥ K�® )

(30)
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¨c© E I,J f NOT � ¦]¨
V( Û (27) EK��ª�f@��½mØQ³�E ) � NOT ��!O¡ «��{ n�
K�













0
√

c2
00 + c2

011

0
√

c2
10 + c2

11













(31)

fc Q¡��u¡ ÿh{ ¦�¨
W

�
|1〉|1〉 fc¬ ¥ º�Æ�¾´î@¶]�

x
5: |1〉|1〉 f ¬ ¥ º�Ý^=$>

Í�E´î<
 {  �¡ H ¡�E����<f � è
E�­�®´£�âw¯T��Í��c°�ºK»<C��z�{ �u�u� { ØF¶�Ý^C±°�²^f�³�½$CA=c>0f�Ú�·"
 � � ä�´�µ,EKØ�B |0〉|0〉, |0〉|1〉, |1〉|0〉, |1〉|1〉

f |φ0〉, |φ1〉, |φ2〉, |φ3〉 �ÁÝ�C���Ý�C��¶ªDÛ(«O¬c· J�² � S =

3
∑

n=0

eiσn |φn〉〈φn|

�O �¡��(Æ�Cc��Í�E�y�_ d f�Ú ¥ Ø�¶K�0D�Í �
S =

∏3
n=0 G−1

n XnGn f ��½
C�� G ¸$����¹^E,º�¹�º� �¡�����fq¬ ¥ º�Ý�· J�² � �´ÍF��° ¦]¨

NOT ���¿OÀed E$£�¤0¥�¦w_���� � Ú���C�Í��c�FÝ � { g5 �ØK� Xn �
X0 = eiσ0 |0〉〈0| + |1〉〈1| + |2〉〈2| + |3〉〈3|
X1 = |0〉〈0| + eiσ1 |1〉〈1| + |2〉〈2| + |3〉〈3|
X2 = |0〉〈0| + |1〉〈1| + eiσ2 |2〉〈2| + |3〉〈3|
X3 = |0〉〈0| + |1〉〈1| + |2〉〈2| + eiσ3 |3〉〈3|

�c£���CO³�E��D°(��Í�E Xn �,y,_ dÊ� �OÝ9�%ó�°�ºK»<Cc�x
X0, X1, X2, X3� ä�� G−1

0 X0G0 E@¸�¹�fFÜ�¡ × Cc�
G−1

0 X0G0|φ0〉 = eiσ0 |φ0〉 (32)
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�u�,��£�â � â�£ � � |φn〉, (n 6= 0)
{ p� �¡��

G−1
0 X0G0|φn〉 = G−1

0 (eiσ0 |0〉〈0| + |1〉〈1| + |2〉〈2| + |3〉〈3|)G0|n〉
�D°(� 〈φ0|G0|φn〉 = 0 î ¥

³�Û = G−1
0 (|1〉〈1| + |2〉〈2| + |3〉〈3|)G0|n〉

Í�Eu»�¼ À ��½ { |0〉〈0| f
���´¡�³ 0 f
����C����$�D£�â`¾QÅ�â>¬]¶ ,
& µ�¡��

= G−1
0 (|0〉〈0| + |1〉〈1| + |2〉〈2| + |3〉〈3|)G0|n〉

= G−1
0 G0|φn〉 = |φn〉

Í�E�Í��c£�âw;�¿ {
G−1

m XmGm|φm〉 = eiσm |φm〉,
G−1

n XnGn|φm〉 = |φm〉, (n 6= m)

°,À ¥ !�¤�Í��
°´ÅO£�C@��Í�E�Í�� �O� S f |φm〉 Á�· J ÝeC��K¹ { �FÌ��
∏3

n=0 G−1
n XnGn EÂ
A] n = m E��]Í(· { °�² eiσm f�³�½K� Ã���� � ���

�O �¡@¸Ä��Í�� fcg5 �¡�¶hCc� & µ�¡(�
S|φm〉 = eiσm |φm〉, m = 0, 1, 2, 3, (33)

°�g�Å��´ØK��Í��"� S =

3
∑

n=0

eiσn |φn〉〈φn|
{ Ã�¬�â>¬]¶]�

3.2 ô5õÄÆ�ÇRUWÈRÉ�Ê�Ë
ÍOÍ � ´0µQ¬�¼ (a + b) mod 2 f I�J  �¡ × COî�
ÍÌ a,b ��¶R
 ��� { p

 ���º��´° (a + b) mod 2 �
¬���¾]¶D¶�Å�Î��D°���EQî<
¢¬,=u>

x
6: (a + b) mod 2

fAG�B�¾�� |a〉|b〉|0〉 → |a〉|b〉|(a + b) mod 2〉 °�ºF�ñ�O �¡� �CDÍ���°uÏ ×
¬���CAÌ5 >£� mÍ�E �O�(� �]©�ª I�J ��¬�Ð�â�ÑQÅ ¥ ��¬�¶�Ì a,b

{ Â�Ã�Ä
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ÅFÆ�­�®�f�³�½�C�Í�� � ¢�B�¡�± ²�I�J { ¬0CsÌ�Í�E�­�® {qÒ µ]¡�¶e� { �
a,b f���ðAB 0

��Ó�À�d  Ô����E�a�bq_ ¿DÀ<d {^ÕAÖ Ñ"×�b�ØÚÙ�ÛuÜ,_mÑ�Ñ�Ý
��Þ�¾ ��C

|0〉 → |0〉 + |1〉√
2

(34)

|1〉 → |0〉 − |1〉√
2

y,_ d f@ëDèDÝ���¾m¶D¶$Ì^D�E ÿ �u� �uß µ�Ø�=u> { & ½�¾]¶D¶�Å�Î � �$àá � �cB�CQ�
|0〉|0〉|0〉 H→ (

1√
2
)2

1
∑

a,b=0

|a〉|b〉|0〉 U→
1
∑

a,b=0

|a〉|b〉|(a + b) mod 2〉 (35)

��¶Ä
¢ºK��f  �CAÌ�Ís��fKÜ�CQ�c� 4 ¤
E I�J f�â$n� c¡ ¨�ã {  c¡�¶�C�Í
�c°Kß´£^CFÌ�³�]D·uÐ�ÍqE I,J f
í��� �¡�³ |a〉|b〉|(a + b) mod 2〉 EOºF�^E

�]�äDÏ$Û�åD¬ I�J à�æ<fc �C��0Î ��¯���¥ è é °�¬]¶�³�E��	��Å���CsÌD¼
½�¾ (0 + 1) mod 2 f� ¢Ø�¶�E ��¯ �Q¾��,=$> { Ôèç�³
± ² =�> � ¬��c¡�é
¶�Ù { a = 1, b = 0 fc�(�9 �Ø�êW
 °�ém¶���·�
ëÌ�Í"
j¶OµFØ���ìO³ ¯�¥ �@±² ��Ï��$b�_
¥�_0��íc¢�� � �m³m¬ I�J °�º�»<CQ�c�u��Å��´¡�¬�£�µ�Ø�Ì

3.3 î�þðïeñ
©�ª I�J � NOT,AND,OR,XOR ¬<òAE���ó´«�y,_ d fe
 � �`G × Ä�ÅFÆ
CDÍO� { î�µF¡ © �]¬ I$J f�nR
>³ E �O¯ µFØ ÌuD�� { pñ  ± ²�I,J �m�s£�¤
¥�¦`_,Ñ,Ý<f@Ý�C�Í�� � ­�®
ô�fAõ,öÂÅ�Æ�CO³�E ��¯ µ�Ø�Ì5 �£� qíq÷���±² =$> � ³ NOT,AND,OR,XOR �KÚ<C�Í��c�DºK»�CsÌ�;���g5 �¡,��Í"
[Ì
��ó�«�¬ ø�ù Ô �¢¶´µ�¡�³�ú�Å�ä´£�¬�ÙFÑWû"¦�ü�å�f�Ú<CKØ�B�E��D°]Ù
�ý µ�Ø��F��³KÅ���C�Ì�ÍDÍ�£�â%¤D¶ { ��± ² ��Ï��$b�_
¥�_�Ecþ���fAÿ���Ý
C�� ß Åu��C�����¬�ÙKÑTûh¦�ü0å�����ª�ß�v��QÐ	� _�
0_0E�ÙKÑ�ûh¦Fü�åD�
Ò Z�\ Ø
������E�ÙFÑWû
¦	ü�å � { ¤�¶�¡��$�´¡�n�¹]Ø�¶$Ì
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x
7:
8 �
y,_ d

4
�����������

4.1 �! !"$#YQTS
;�¿ { 2 ¤^E&%�ª�'�Ñ,ª x,y EDò ª K

{ p� �¡
f̃(y) =

∫ b

a

K(y, x)f(x)dx (36)

{ î]µ�¡D��ò�ª)(Ôf f̃
{ Ñ�Ý�Ý�C�ÍQ��f K f+* �� cØKÌ�ß0Ñ�Ý5�]î�È,ÌO¼

½�¾
K(y, x) = e−ixy, a = −∞, b = ∞ (37)

�D�
µ�Øu)(Äh�]¶�Å-,�C�.�_Â¦ Î�Ñ,Ý���Þ�¾�����¡�³Dî0�Ô|�Å���C�Ì�ß�Ñ,Ý
Eu;(¤ ��¯ CsÌ�Í EuÑ,Ý { �D¶�¡���Ñ,ª"E���C/'�f10�2�3� jÌOß�f54 {76 ¹
Ý�½mØQ³�E80�2�9DÌ�ß�Ñ�Ý���¶Ä
ëÌ:�;�<-=	>�?

f̃(y) =

N−1
∑

x=0

K(y, x)f(x) (38)

ÍDÍ � � ��¤ ÿ ��E(Ø�B+@�A�f �
�  �¡,��� Ì [2]B�C
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N = 2n �� �� K f N D N E £�¤�¥h¦ n,o�� Ý"CFÌOÍcE��>¹@± ² �KÏ��cb�_
¥ U °

U |x〉 =

N−1
∑

y=0

K(y, x)|y〉 (39)

f+E�ØFÆ�¾�� U � K f+*��%Ý�C+0�2�Ì�ß�Ñ,Ý
f̃(y) =

N−1
∑

x=0

K(y, x)f(x)

f I�J Ý�CsÌOÝ�¬(Å�]
U Ô N−1

∑

x=0

f(x)|x〉 Ù =

N−1
∑

y=0

f̃(y)|y〉 (40)

°�À ¥ !�¤FHG

U Ô N−1
∑

x=0

f(x)|x〉 Ù =

N−1
∑

x=0

f(x)U |x〉 (41)

=

N−1
∑

x=0

f(x)

N−1
∑

y=0

K(y, x)|y〉 =

N−1
∑

y=0

(

N−1
∑

x=0

K(y, x)f(x))|y〉

=

N−1
∑

y=0

f̃(y)|y〉 (42)

�
¬ ¥ ��Û Ô 39 Ù���;�I(Ý�CFÌ

4.2 J!KMLONQPSR�TQUWVTPQLRQTS
����� ³�ç-X´£u?9 �¡�¹]Ø$Ñ,Ý � ¬,Ð��
¬���ß�£
CO³�E��	�Ä
%°8Y5 [Z�\{ �]0�2�Ì�ß�Ñ,Ý"Eu;D¤ñ�O �¡]^��(Ý�CsÌ�� { ³s¹-_�Ø�î<
 { 1 a�b�_ ¿OÀ
d { p9 �¡ Õ Ö Ñh×�bWØÍÙ�Û$Ü�_]Ñ�Ñ,Ýh�

|0〉 → |0〉 + |1〉√
2

|0〉 → |0〉 − |1〉√
2

�O¯ µ@Ø(°]��Í��
f |0〉 =

(

1

0

)

, |1〉 =

(

0

1

)

�¢�Ôn,o,�$g9 �Ø��>¹ Õ	Ö Ñ
×ub�Ø
Ù�Û$Ü�_]Ñ�Ñ,Ýh�

1√
2

(

1 1

1 −1

)

(43)

�
¬0C�Ì � �a` ¿OÀed { p� �¡��<ò^
¢¬0CK£�b
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x
8:
Õ Ö Ñh×�b�Ø Ù�Û$Ü�_]Ñ�Ñ,Ý

� ä��]ß´£ ¥ ¶D¶�î<
 { =$>hf�� {7c ¶�¡��e�
�]��f x EA� ¥ Ôed�Ë { x EA� ¥ {fc ��� |a〉⊗ |b〉⊗ |c〉 �K°@Ù |i0〉⊗ |i1〉

⊗

...
⊗ |in−1〉 ≡

|i) �O �¡ (ik = 0, 1)
Õ Ö Ñh×�b�Ø Ù�Û$Ü�_]Ñ�Ñ,Ý H �

H |i) = Πn−1
k=0

⊗ 1√
2

(

1 1

1 −1

)

|ik〉 (44)

Ô 38 Ù�Û
� 1
∑

jk=0

(−1)ik·jk |jk〉 °

ik = 0 E���¹ → |0〉 + |1〉
ik = 1 E���¹ → |0〉 − |1〉

��¯ COÍ��c£�â
Πn−1

k=0

⊗

1
∑

jk=0

1√
2n

(−1)ik ·jk |jk〉 (45)

� c �]Í��c°�ºK»<CsÌ �0{ Í�EmÛhfK¶�ð,��µ�¡7g�CQ�
=

1√
2n

(Σ1
j0=0(−1)i0·j0 |j0〉)

⊗

(

1
∑

j1=0

(−1)i1·j1 |j1〉)
⊗

(

1
∑

j2=0

(−1)i2·j2 |j2〉)
⊗

...

=
1√
2n

N−1
∑

j=0

(−1)i0·j0+i1·j1+...+in−1·jn−1 |j)

(∵

1
∑

j=0

1
∑

j=0

...

1
∑

j=0

=

2n−1
∑

j=0

)

=
1√
2n

N−1
∑

j=0

(−1)i·j |j)

�¢¬,C�ÍD�%°mÅK£�C`Ì � �FB,CD� ÕÔÖ Ñ�×qb�Ø�Ù$ÛcÜu_�Ñ�Ñ Ý��	�/*^f 1√
2n

(−1)i·j

�O �Ø80�2�Ì�ß�Ñ,Ý
H |i) =

1√
2n

N−1
∑

j=0

(−1)i·j |j) (46)

Ø��� mÍ(ÍDÍ �
i · j = i0 · j0 + i1 · j1 + ... + in−1 · jn−1, N = 2n �O �¡ ¯ CsÌ
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4.3 h"P OjiWQTS
¨q© { .�_Â¦ Î�Ñ,Ý { ¤�¶�¡�³s��¹� �¡,�e�¶Ìk.�_Â¦ Î�Ñ,Ý"E�)(Ä´�8*�f

exp( 2πi
N

xy) �O �Ø���¹�E

f̃(y) =
1√
N

N−1
∑

x=0

exp(
2πi

N
xy)f(x) (47)

fAn�
¶Ñ,Ý ��¯ CsÌD¼�½]¾�� f(1)
{ Í�EuÑ�Ý<f+l�Ý9�

f̃(1) =
1√
N

N−1
∑

x=0

exp(
2πi

N
x)f(x) (48)

�
¬ ¥
, Í�Eu��½c~ �

N = 23 = 8, �O��m |1〉 = |0〉|0〉|1〉 �O �Ø��@¹�ºF�"�
|1〉 → U |1〉 =

1√
8

N−1
∑

x=0

exp(
2πi

8
y)|y〉 (49)

=
1√
8
{|0〉+ e

2πi
8 |1〉 + e

4πi
8 |2〉 + ...}

�
¬0CsÌ<]�¬ × { Í��"���O� { Â�Ã]Ä�ÅmÆ"E�­�® { 1√
2
(|0〉 + |1〉)}3 fu��E�=

>^E´î<
 { G"Ð����@¹ ¨ ð>ºF��fc 9â`��CsÌ�Í��
�	.�_Â¦ Î�Ñ�Ý"E�k�n�¬Fà
�
¬0CF°(��=$>�°&o	p { ´0µ � ß´£ ¥ gDÝ�¶�Ì

x
9: 8 q
E80�2�«H.�_Â¦ Î�Ñ,Ý

� Ø]��Í E	.q_T¦ Î,Ñ�Ý^��� ªDß�v^E�Ù�Ñeû0¦�ü�å��( ¢¡]r�ëeÅ���¡�� ¥ �z E�Ð�ä�.���D�E���ªOß�v � |�

N−1
∑

a,c=0

exp

(

2πi

N
ac

)

|a〉|c〉 (50)

f�º��DÝ�C>Õ^Ð��j.�_Â¦jÎ�sut ��¯ CsÌ�Í��´°]Û Ô 50 Ù^f+E�ØmÝ�Í��c��ÛuZ
Ù�Ð�äuå�f]Ø�òw��¾]Ë
] {+v-w � ¹�CsÌ
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x
10: Õ^Ð��j.q_Â¦ Î�Ñ,Ý

4.4 xzy|{Rïk}NQTS
* K f

K(x, y) = eiθxδxy (51)

�D�@µ]Ø���¹�E80�2�Ì�ß�Ñ,Ý
f̃(y) =

N−1
∑

x=0

eiθxδxyf(x) = eiθyf(y) (52)

f>Ç�~�«�=ut�Ñ�Ý��D ¢¡$�,�WÅ��<CsÌ�Í(Í { � θy � x
{ î]µm¡$� � C�%�ª �

¯ CsÌ
Í�E�Ñ,Ý"��ù��]¼<fFÜhCQ� ß´£ ¥ gDÝ�¶uÌ n = 1 ��î1� 2 E��
¹�E K ��D

�H�$�

K1 =

(

eiθ0 0

0 eiθ1

)

, K2 =













eiθ0 0 0 0

0 eiθ1 0 0

0 0 eiθ2 0

0 0 0 eiθ3













(53)

� ³�½�â`��CsÌ
Ç�~�«�=ut�Ñ,Ý<f I�J Ý�C@± ² �]Ï��$b�_
¥,�����´« {�z E´î<
 {  �¡7�
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À � ¹�CsÌD¼�½�¾ n = 3 E�)(Ä�*����$���<f

|0, 0, 0〉 =

































1

0

0

0

0

0

0

0

































, |0, 0, 1〉 =

































0

1

0

0

0

0

0

0

































, |0, 1, 0〉 =

































0

0

1

0

0

0

0

0

































... (54)

�D� ¥ �

K3 =

































eiθ0

eiθ1

eiθ2

eiθ3

eiθ4

eiθ5

eiθ6

eiθ7

































(55)

��¶Ä
 à�f� �Øup��,n�o ��¯ CK°(��Í��"�
K3 = A0A1A2A3 (56)
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EKà { ß,v � ¹�CsÌ�ÍDÍ {

A0 =

































eiθ0

eiθ1

1

1

1

1

1

1

































A1 =

































1

1

eiθ2

eiθ3

1

1

1

1

































(57)

A2 =

































1

1

1

1

eiθ4

eiθ5

1

1

































A3 =

































1

1

1

1

1

1

eiθ6

eiθ7

































(58)

��¯ CFÌ�;,~�ÍqE´î<
�¬�=u>
� ¦]¨
U

� ��EQî�
%¬,=u>"fsG<B�¾An�½�C>ó�°�-� { ß´£
CsÌ�ÍDÍ � Ì
U0 =

(

eiθ0 0

0 eiθ1

)

, U1 =

(

eiθ2 0

0 eiθ3

)

, U2 =

(

eiθ4 0

0 eiθ5

)

, U3 =

(

eiθ6 0

0 eiθ7

)

(59)��¯ C
%	�(� A0 �KÛ Ô 58 Ù�£�â ß´£
CQ�F� ¥

A0|0, 0, 0〉 = eiθ0 , A0|0, 0, 1〉 = eiθ1 |0, 0, 1〉 (60)

f�E�Ø� c��D�E�ê(£�Em��� |a.b.c〉
{ p� >¡�� A0|a, b, c, 〉 = |a, b, c〉 �@¬^CcÌ

à á Í EuÑ,Ýh� � è
E���� { °�²<f�³�½�CcÑ,Ý ��¯�¥ � 
 � � θ f
Ç�_Q¾ �
è
E���� { Ü�Z-����f�¤hÎ�C
ó�³mº�»<C Ô ÿ E�Ð-�q_�
�_�E�Ù�ÑWû"¦	ü�å �
|�
ÁÙ
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x
11: =$> A0, A1, A2, A3

5 �S� ���

��ªDß,v���;OÜ�´�µ�D 
 { Ü�½�C�°(�7��ª"E8���ñ�D�m³ {5� ª�ò ª´« { IJ ã ô�°&�-�(Ý�C�Í��c°&��â`�´¡�� ¥ �m¼�½�¾ 1 �5��E5��ª<f���ªOß,v�Ý�C{ �K�+�8��¡���E I�J ­�fF|QµF¡´³@� 1000 ����*���E ã ô]°Fã������uÅ���C	Ì
�]Í]·m°�×��FÙ��m± ² ��Ï��$b�_0¥�_
f@ë�¶���¾]�7��ª { Æ�¶&��¶���¼OÝ�C� X^E ã ô � I,J � ¹�C�Í��cfAÿ�Üñ �Ø�Ì�������¬1� J � �qª ã ô �

1 �7�
E��cª(ßuv´°qn�½�C(Í�� { ¬�C	Ì]Ø��QÍcEK± ² Ù@Ñ�û^¦wü�å,�m£D¬ ¥¡  × ��µ
¡
C�E � � � ä"��ðcB { ��ªOß,v
E�Ù Õ d äqZ�Ï�f
¼<f5¢�½�¬�°�â¤£�¥OÝ�C
Í�� { Ý�CsÌ¦]§ =�¨
´0µ�E(Ø�B N = pq, (p, q �8©,ª ) f���ªOß,vOÝ�C�Í�� { Ý�CsÌ

1: ªOÄ¬« 1, 2, ..., N −1 ­cE�®F£�â`;�¤0Eqª x f�ä(Ï�Û,å { ÇDÈ$Ì
2: gcd(x, N) f5¯
B�CsÌ
3: gcd(x, N) = 1 ¬�â>¾W° 4 ° ��nÄ� Ì gcd(x, N) 6= 1 ¬�â>¾W°
8 ° ��nÂ�¶Ì
4: x E modN

{ òFÝ�C	°�ª²±�f5¯"B�CsÌ
5: r °&³�ª�¬�âj° 6 °¶��n�� Ì�´,ª�¬�â>¾µ° 8 ° �,Ì
6: p′ = gcd(x

r
2
+1, N) � q′ = gcd(x

r
2
−1, N) f5¯"B�CsÌ

7: p’q’ E]¶�ä��´£D° N ¬�â>¾W° 8 °���nÂ�¶Ì
8: ��ªOß,v {5¶�·  �Ø�E � ° 1 ° { n�¹1g ¥ Ë�Ý�Ì

D 
 � ¬�Îq��¾���D$�´° p £ q
{ ¬0CsÌ

ÍmÍ � ºF¡(¹@Øs°,ª��	��� xr = 1(modN) f¸E�Ø
Ý$± E@ó �(¯�¥
, Í`�D°��sª{ ¬�C�ó��>¤	¹ EOî

 {   ¡]Åm£�CwÌ �$ß µ�Ø�î^
 { ¯�B�Ø r ° xr = 1(modN)
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f+E�ØKÝ
E��D£�â�� k f ¯ Cuºw÷�ª��O �¡
xr = 1 + kN

=⇒xr − 1 = kN

=⇒(x
r
2 − 1)(x

r
2 + 1) = kN = kpq

fc �CF°(�^íq÷ p,q=1 E v�³A��½Qâ`��CsÌ^D�E���¹K�u� { p=1 �%Ý�CQ���
(x

r
2 + 1)(x

r
2 − 1) = kq

�
¬ ¥ ÔçÍ�E�)(Ä q=N �
¬Oµ�¡�¶hC
ó {5» èOÙ
x

r
2 + 1 = k (= q)

x
r
2 − 1 = q (= k)

∴ gcd(x
r
2 + 1, N) = 1 (= N)

gcd(x
r
2 − 1, N) = N (= 1)

& µ�¡��^í]Ø ¥ �^Emó0�(°�Í�E�¼,_���½����qªOß,v¾½�¹]¡�¬]¶$Ìz"{
p, q 6= 1 E���¹ ¨q© {

(x
r
2 + 1)(x

r
2 − 1) = kpq

(x
r
2 + 1)(x

r
2 − 1) = (hp)(lq) ( Ø���  k = hl)

∴ x
r
2 + 1 = hp (= lq)

x
r
2 − 1 = lq (= hq)

Í�EmÛ^�
gcd(x

r
2
+1, N) = gcd(hp, pq) = p (= q)

gcd(x
r
2
+1, N) = gcd(lq, pq) = q (= p)

½ ¯ C>óhf@è é Ý�CsÌ �^�u.0/ Ì
%"�QÍ�E�ÙmÑWûh¦	ü�å��&¿�£�â�ÀDâw�QØ�³uE�½ ¯ µ�Ø�E��D°D����Á�Â+ÃÄ°

4 °Ôf�¯
B�C<
�Å&Æ$~��	Ç]È�É	Ê-Ë8Ì�Æ	Í�Ê�Ë&Î�Î�B { �8Ï�Ð$Ñ8Ò+Í�Ë8Ì�Æ-ÎÓ E�½	Ô�CsÌh×��FÙ��uÕ�E8Ö�×�f1Ø�Ù�Ú�Û	Ü$b�_^¥]Ç	Ô �¾Ý]�]Þ { v�Î�ßuÒ
ÆWàfÕ�Ò1áFÿ�ÈâÀ¸Î�Ì�Å]ÎuÕ5ã�Ù1äeû0¦�ü�å&½]r&Y�åçæ�Í�ß7è+A!ÒfÍ�ß7ã��é°
2 °Á�ê° 6 °ëã&ì�íj½�Ô�îMàëÌ!ÀïÊ�Àj° 2 °j�ð° 6 °ëã���Á�Â+Ã��u£-ñ¾ò<¦&ÂMóð¢ô�õ Ò�Þ	Ý��kßuÙ7äeû"¦	ü�å�áfökË&Ì]¯¾÷	ß�ÕHÒïÇ�ø8ùHÌ(�&úuã&ì�í]ûa½ Ó
��Þçæ+ü!ý�ÕHÒfÇ�ø8ùéß�Ìþ�ÿ��������	��

�
Z�\aÍ�����½���Í]Æ�Ç(�����éæ gcd(a, b), a ≥ b á7È�ÉhÎ�ß�æ�� a − b Ò��
á5���WÀïÌ]���8Æ��âà�Ê����! fÆ"�âàïá�#éý%$ Õ'&aá)( Ñ+*WÀïÌ 0 æ�ÍHß-,
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. ã�/aá1032¾Ò546&¾Ý87�Æ
$6932�Ý gcd(20, 12) ã;:�<��
20 − 12 = 8

12 − 8 = 4

8 − 4 = 4

4 − 4 = 0

Ò�Í Ñ ��032 4 á)=Mß>$
½��jÕ7ã6?7äA@CBED�F-áHG	Æ�Ì
I"JHæHK�L�Í�M�/-×�ükáaÀïÌON-Î�Æ
$
N=15 P�Q

1: a=7 Ç;RçÝ�&jÎMÒ54éß
2: gcd(7, 15) = 1

3: gcd(a, N) = 1 Í�ã�SUT 4 T%V�W!ý%$
4: Õ�ÕH�HX�ù��+Ø�ÙkÚ]Û-Ü-Y�ñ"Z�S1üWý/ÇU[ =4 Ç�ø�ÎéÒ\4aß'$
5: [ =4 ��]�/çÍ�ã�SUT 6 T^V�W!ý%$
6: p′ = gcd(a

r
2
+1, N) = 5 q′ = gcd(a

r
2
−1, N) = 3 á1=Mß>$

7: p’q’ ã&Æ;_O& Ó N S���Í7Æ�Ê3�%�>`H÷-ß-MH/�� 5 Ò 3 S-Ô�ßa$

5.1 bdc6egfhe!ikjml�nho
Õ7ã�?7äA@CBED�F6��M�/-×]üçã6?7äA@CBpD�F��6q�Á�Â+Ã 4 ã�Î�÷�ã6?7äA@

BED�F�S(�
r�s xr = 1 mod N á)t¾Î�4u[¸á-`¾÷�Î�Æ"v"w
S	Ô	ß>$gxy032�áz à5Ò��H{uæH|6}�Î�~5ñ�B\�
���aá��	æföaË7Ì5üWý+ã���Ç�����Å�_����f÷�æ-�
ã�����<Cv����6�aá-�éß'$

1

q

q−1
∑

a=0

q−1
∑

c=0

exp

[

2πi

q
ac

]

|c〉|xa mod N〉 (61)

q � 2n S;�� E&kß'$

�
12: ��/éá-`¾÷	ß&ã�æ+ö�v-&kß1Ø�Ù�Ú�Û	Ü
Y7ñ8Z

�	���%�������^�¡ £¢	¤+¥§¦©¨�ª\«
U |x〉 =

s

1

q2

q−1
X

y=0

exp

»

2πi

q
xy

–

|y〉 (62)

Ua,N |x, 0〉 = |x, a
x mod N〉 (63)
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¬®­�¯ ¤+¥£°±�	²�³�¥§¦
U ´±µ£¶¸·�¹ ¨£ª£��º¼»E½¿¾ ­	¯ ª	À	Á Ua,N ¹ÃÂ �5ÄÆÅ£Ç	È^É�¨£��� ´ �Ê¥±�	²Ë	Ì¸Í �ÃÎ�»HÏ ¹¼Ð �Ñ« ´ « · Á ¬ Ä§³	ÒÔÓ\Õ¡�©�^�®� ­�¯ �¼¤+¥¡Î�»)ÏÖÀ¡×^Ø�¥ ¬ ¤%¥§¦+Õ�Õ Â+Ù¡¹ �	�¼ÚÄ��

3 Û©Ü � ­	¯ � ¶©Ý±¶ÊÝ¡Þ É ·	¶+ß�àÊ´ «±�%�á¦Êâ±Ó	ã	äÊ� ­�¯ ¹
“

U
O

I
”

|0〉
O

|0〉 = (U |0〉)|0〉

=

s

1

q2

q−1
X

y=0

exp

»

2πi

q
0y

–

|y〉|0〉

=

s

1

q2

q−1
X

y=0

|y〉|0〉

=

s

1

q2

q−1
X

y=0

|y, 0〉 (64)

Õ¼�£åÔæ+�Ôç^ÉÃ¨£â£â±è¸é ­�¯ ´Ôê ¥§¦
s

1

q2
Ua,N

0

@

q−1
X

y=0

|y, 0〉

1

A =

s

1

q2

q−1
X

y=0

|y, a
y mod N〉 (65)

Õ§ë ´ Á�ì£íÊº¼»p½î¾ ­�¯ ��ï%ðÃÕ¸« ·�Þ ¥ ¬

U

0

@

s

1

q2

q−1
X

y=0

|y, a
y mod N〉

1

A =

s

1

q2

q−1
X

y=0

U |y〉
O

|ay mod N〉

=
1

q

q−1
X

y=0

q−1
X

c=0

exp

»

2πi

q
yc

–

|c〉|xy mod N〉 (66)

Õ�Õ)S]Ø]ÙO/òñ ,xk mod N á)=éßEó�ô¾áF��Ø�ÙOõ6ö�7çÑ ì�í�÷�7¾à¸$�Î��
÷&Õ�Õ-S
ø6ù8ú�û�ü�SHÔ	ß>$ xa mod N = xk mod N á)t¾Î
4 a �Hý�/aÔ
Ñ§�Oþ�ÿuãHó�ôçá-`¾÷	ß�æ�����ã a �¾ã��çáçÒ����	�g�+Í�
 Ò�
�w�Í�

$ Õ
&C��� b á�
�/!Ò�÷��(� a = br + k S;��4��jã-ø8ùéß a ã��çáçÒ������kßuÒ
ü��� p&kß>$ [�� xr = 1 mod N S	Ô	ß��çá���
Hø�4WÒ

x
br+k mod N = (xr)b

x
k mod N

= (1 + lN)b
x

k mod N � l ¹������ �
=

h

{(1 + lN) mod N}b
x

k mod N
i

mod Nª�À�Á
(1 + mod N) = 1

�^Ä
= (xk mod N) mod N

= x
k mod N¨�ªÑ«�Õ	Õ¼�"!�#%$'&�²

ab mod N = [(a mod N)(b mod N)] mod N
¬ �©¥ à �¡  ¶ ¨±¦

S	Ô�ß��37aÑ)(� E&kß'$�*,+.- P (c, xk mod N) ≡ P (c, k) �
1

q2

∣

∣

∣

∣

∣

∣

q−1
∑

a=0,
¨	ªÑ«

a = br + k
�0/Ê¨Ã¤

a

exp

[

2πi

q
ac

]

∣

∣

∣

∣

∣

∣

2

(67)
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1�2 - �aÕ'&aá�3U÷5��4�4kß 1

1

q2

∣

∣

∣

∣

∣

∣

b q−k−1

r
c

∑

b=0

exp

[

2πi

q
(br + k)c

]

∣

∣

∣

∣

∣

∣

2

=
1

q2

∣

∣

∣

∣

∣

∣

b q−k−1

r
c

∑

b=0

exp

[

2πi

q
brc

]

∣

∣

∣

∣

∣

∣

2

(68)

áH=Mß)$65&ã��8ú q ã�7�/aæ	89
 1 5�î�S�:;
�Ü�ñçò�á�<9*��C��=6=CS8���>�? æA@�(6�kß&ã�S(�	B�C!÷�Dgñ�ã�E 1 �3�+÷�F���G�ùg÷�D q F��5`u÷	ß�G
r á�HI-/ø�4���ú-ø8ùéß>$�J�S�K�wML

c

q
= 
�/ × 1

r
(69)

1�2AN $

5.2 OQPQRTSVUXWZY\[]RTS_^I`ba
ú��c��D;5 1�dfe�gih æ z 2�L�� c

q

d�j /;kil;mAnpo)÷��H�"/ [ d `¾÷ N1 
rq�@	s��A��D�$-úVk�s	�]-ut�� q > N2 S9v-&;L;�Vkgñ d B�C�÷�D6��w
Sh[ d `¾÷ N ��ú�ø7ù NV1 
,��D;@fs�S9v N $VD���÷��	øMD;0�2�ú�w�÷�ý 2

ix�yMz6@�v N s���ú(�i��s��¾æ�*�
�����{8S�|6} N $65�s	t õ d W|qiq>2
S	}p@�~ 1�2AN��i�Zd �8� ÷��M��ý%$�i�
∣

∣

∣

d
r
− c

q

∣

∣

∣ ≤ 1
2q

d t;D;4 d
r
�	��� 1 *�÷�F 2 
�$AD���÷ d � gcd(r, d) = 1

d
t;D�4�A�
@�÷ 2 *;vi��D 1 ÷��(�i�
&g� d d1

r1
, d2

r2

1 4 NV1
∣

∣

∣

∣

d1

r1
− d2

r2

∣

∣

∣

∣

=

∣

∣

∣

∣

d1

r1
− c

q
+

c

q
− d2

r2

∣

∣

∣

∣

≤
∣

∣

∣

∣

c

q
− d1

r1

∣

∣

∣

∣

+

∣

∣

∣

∣

c

q
− d2

r2

∣

∣

∣

∣

≤ 1

2q
+

1

2q
=

1

q
≤ 1

N2

(70)
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}�{Vs����9�"S q > N2
d ö\���M
 N �;�;ø�ù�$65i5-S���� 1�� � df� } N1

1
N2 ≥

∣

∣

∣

d1

r1
− d2

r2

∣

∣

∣

d =´�3 "���
1

N2
≥
∣

∣

∣

∣

d1

r1
− d2

r2

∣

∣

∣

∣

=
|d1r2 − d2r1|

r1r2
>

|d1r2 − d2r1|
N2

(71)

4 2 v��
|d1r2 − d2r1| < 1 (72)

1�2AN ú(��3U÷���21&cL���s�7_q 2 |d1r2 − d2r1| < 1 � d1r2 − d2r1 = 0 ÷
F 2 
�5 1 ú�v�F N s�S�������� d1

r1
= d2

r2

D6� ÷�5i5HS N ≥ r( ��&c��2 N2 > r1r2) S9v N � d G9
i�M
 N ú��c5�s
�������V��4 N $� þ�7;- q > N2 S�v N,1 �F�fBiC�E x c

q
� d ��*HøH�;L]�pq'2�s��M�iJ d

tVD;4 d
r
����*�÷�F 2 
�5 1 F ��� c

q

d��i� /�8��h÷����is c
q

d�� ÷fø-�;L �¡ � r ú
`,+ N v"w
S9v N $65'&8ú c
d

1 k�B�C�÷�D6��w
S r
d�¢\N 5 1

s�S�� N�£\¤;1�2AN $i3g÷\9 d�¥;¦ ����2�7cq
N = 15, q = 256(< N2), x = 4 si§ � �f¨�÷ c = 18 úf©9B! p&,D 1 4 N
18
256

d���� /�8��
18

256
=

18

14× 18 + 4
=

1

14 +
4

18

=
1

14 +
4

4 × 4 + 2

=
1

14 +
1

4 +
1

2

(73)

= [14, 4, 2] (74)

1 �  5& N $�5M5>S 0 �O�ª*�+p- d
r

= 1
14 S	«�¬�÷��
N N�1 ��5p&8� ∣∣

∣

c
q
− d

r

∣

∣

∣
<

1
2q

d tcD�4p5 1 ú � F N $�7����H�"/ r = 14
d =V�D��5'& d M�/ � ü d ?­ @�B�D�Fi��®�&A�	��&VLm�
M-/ 3 ¯ 5

d = N $�DO�3÷Ñ=g�Ñ&AD1��/8ú�°U÷�ý2 
�M�/ 1 ¯ 15
d ø�4i�\@�v N ú���s;:O<���±8ú	²,F9��D 1 �,���;@�q+��³

�]-�,
4;$  ��§ � S c = 48
d =,D�:�<

48

256
=

3

16
=

1

5 +
1

3

= [5, 3] (75)

0 ��� 1
5

dc1	NV1 ��5'&C� ∣∣∣ cq − d
r

∣

∣

∣ < 1
2q

d t;D� 2 

$ 1 ��� 3
16 S�� xµ´b-

¶ 5'&g÷�F 2 
9s�S�û6_Iqª+_·�
p·�s��6ú
� ∣∣∣ cq − d
r

∣

∣

∣ < 1
2q

d t;D�÷�� r = 16d = N ú(�V5a& ¶ N ¸3[¹��º�4 N $�*A+6-f5fs�©9B�G�S ¶ w�÷M· 2 
���/8ú
`,+�����÷�+»qpv"w
S9v N $
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+ 1�¼9NV1 r�s
C :

{

∃d ∈ {1, 2, ..., r − 1}, gcd(r, d) = 1,

∣

∣

∣

∣

c

q
− d

r

∣

∣

∣

∣

<
1

2q
, r < N

}

(76)d tVD�4 c
d ©�B8S��H&;L�
�
"v"w
S9v N $�{C�_½�s 2 ¾]¿�s�9�S ¶ [ªÀ Nd t;D� 2 
 [ 2 s�S�þ9s	ÁMÂ_� ¶ ®�& 2 
�v"w
S9v N $

�;�m�i��s�7_q 2 ©9B�Gòñ ∈C ú;=U��& N óVÃ d «�¬g÷��ON N x vcÄ-vcÄ
5fÅ 2 «�¬ d � N sO�iF���Æ�Ç�032 ¶ �i
;ó�ô;� 2AN � . ��«M¬g÷�D 1 �È-

P x c,k � ¶ 1
q2

∣

∣

∣

∣

∣

∣

b q−k−1

r
c

∑

b=0

exp

[

2πi

q
brc

]

∣

∣

∣

∣

∣

∣

2

S�ÉC28�\& N s�S;5E& d � ��Ê /As	�
1 N�&VL

1

q2

∣

∣

∣

∣

∣

∣

b q−k−1

r
c

∑

b=0

exp

[

2πi

q
brc

]

∣

∣

∣

∣

∣

∣

2

=
1

q2

∣

∣

∣

∣

∣

∣

1 − exp
{

( 2πi
q

rc) × b q−k−1
r

c
}

1 − exp( 2πi
q

rc)

∣

∣

∣

∣

∣

∣

2

5i5-S
θ =

2πrc

q
(77)

αk = bq − k − 1

r
c (78)

1 CMË�÷��(� |1 − exp (iθ)|2 = 2(1 − cos θ) �-ø�ù64 NV1
P (c, k)

¶

1

q2

1 − cosαkθ

1 − cos θ

1�2AN $;+�D
∣

∣

∣

c
q
− d

r

∣

∣

∣
< 1

2q
7�- θ ��*�
����,s	ÁMÂ9J�ú�Ì�w N $

∣

∣

∣

∣

c

q
− d

r

∣

∣

∣

∣

<
1

2q
( Í�Î 2πr

d F�w�� )

⇔ |2πd − θ| <
πr

q

⇔ 2πd − πr

q
≤ θ ≤ 2πd +

πr

q

∴ −πr

q
≤ θ ≤ πr

q

1 5�Ï�ú r � N S�v1&;L xÐ�»quC�Ë�4 N � θ s�Ñ�¨�E ¶ 1 �V@'�� �
 1 
Èq
��ú�vMF N $,��5-S cos θ ∼ 1 − θ2

2

1 46&;L

P (c, k) ∼ 2α2
k

q2

1 − cosαkθ

(αkθ)2
(79)

1 8���S�� N $��c� αk

¶
k �fÒ�Ó�4 N s6S(� αkθ s 1 -+= N EZ��*9
����
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2 N $ −πr
q

≤ θ ≤ πr
q
7c-§�

|αkθ| ≤ πr

q
× bq − k − 1

r
c

≤ πr

q
× q − k − 1

r
= π

(

1 − k + 1

q

)

5i5-S k < r, r � q 7�- k+1
q

∼ 0 �iF�� |αkθ| ��*�
���ÔMÕiÁMÂ
|αkθ| ≤ π (80)

d = N $65i5-S�Öi*�× �\d G6ùg÷��M�p·
Ø Ù

f(x) =

(

1−cos x

x2 if x 6= 0
1
2

if x = 0
(81)

¹'Ú Û"Ü [−π, π] ´ÞÝ¸¶	· x = π
²�ã'ß ¬ �©¥§¦

Õ¼�áàãâ ¹%äæå ²�Á'ç¸¨�è ÂÑÙ â Ù§Â �	��²áéëêÃ¤+¥§¦

5�s�× �Zd G9
�&;L P (c, k)
¶ |αkθ| = π S	}����iF����

P (c, k) ≥ 2α2
k

q2

1 − cosπ

π2
=

4α2
k

π2q2
(82)

1�ì F ��í�î� E& N $AïA�
αkb

q − k − 1

r
c ≥ q − k − 1

r
=

q

r
− 1 (83)

�iF��¢��}�ð9ñA�
P (c, k) ≥ 4

π2q2

(q

r
− 1
)2

∼ 4

π2r2
(84)

1 í�î� E& N $� þ9s;5 1 F��� "���-�,s �i� ú	(6� N $�i�
G�ò_ó�ô�õ;Y�ö8Z U �"7	�	��� x s mod N �M÷H4 N w�÷�
-��/�ú-=g�\&N óVÃ ¶

Pr ≥ τ

log logN
(85)

1 � ì F��¹ø! �2���& N $�A�
{C��½�ù3÷�D-ó�ô d�ú ���(�

Pr ≥
∑

c∈C

P (c, k) =
∑

c∈C

r−1
∑

k=0

P (c, k) ≥
∑

c∈C

4

π2r
(86)
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d = N $65i5-S ∣∣∣ cq − d
r

∣

∣

∣ < 1
2q
F����

qd

r
− 1

2
≤ c ≤ qd

r
+

1

2
1 S9ûm��5fs�JAF���½�Å 2 d �f¨�÷��;@�3 2 · 1 @ xüJ d t;D;4 c ú
��Öi*¶ Ó�ý64 N �"ú�þi��ÿ�� N��_1 5	Ï�S gcd (r, d) = 1

d tVD�4 d s���/ d φ(r)1 4 NA1 x 5fsi÷H/,s	� d
Euler s"~��	�A÷�
 1 
»q%� �;þ�s c

¶ ½�Å 2 d �
¨�÷��,@�Ö�* � þ xµ}9�6S 2 *��
��?�ú�v N sOS φ(r)

d�ì k N � ¶ 2 
 ���� � φ(r) ��÷3÷��
lim

r→∞
φ(r) log log r

r
= e−γ ( D��3÷ γ

¶
Euler s�C�
 ) (87)

1 
rq)�6I�ú ¢ � �,�M
 N s�S(��5	� d�ú 2�L e û	
 [��f¨g÷��
φ(r) ≥ e−γr

log log r
≥ e−γr

log log N
(88)

ú��AÃ
4 N �;� 2AN�� 5�� d (86) J;� ú ����� NV1 r�s
Pr ≥

∑

c∈C

4

π2r
≥ 4

π2r
φ(r) ≥ 4e−γ

π2 log log N
(89)

��� ð�� �
� þ�7;- G�òZó�ô�õ;Y�ö�Z U �"7 N «M¬ d

O(log log N) k�I
Wg÷¢����s	*
½ �i� 
 d�ú ���h[ d ù-�cL���������sHó�ô�S�w�÷�
���
�ú
` ¼ � � N �;�2AN��
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6
 !#"%$&"('()+* , -/.%0

N �;s"~1�2� ­ ú9vp-���s�3M��Ö4���"w65 w�÷�
C~1�2� ­�7 ú9v NV1 ÷;7
q � 5��,F �98�: ��; N § � ¶ �i��s 5 w�÷�
C~1�2� ­�7 d þ�*�w N2< 
"?­ @CBaD�F d þi*�w��\·�5 1 S9v N=� 5	� d�>4? «i¬ ( @�ö�ACB�n�D�qA�FE
ô�G6F���Ö�*�_�*ORFHM�I-ut ) S��_Ïpq 1 ; N;1 � N �cs�~1�2� ­ F � 1 �
s"~��	� ­ d þM*Cw N � ¶�I�J S N

2
k�F�F N ú���G�òi«�¬"S;5fs�? ­ @�BpD

F d G�
 NV1 √
N k�s�q4KZn�l6S�«�¬8ú�W�L N��

M�
 �NM s 1 û�s�Ocq�� jNP J ¡�Q x log N s�};û�Ri³6��sO? ­ @8B�D�F
S2 
�ú]��G�òi«M¬,s�S�T�ú�þ�L���;.·%�	��s�U4R ¶ 1 �A@2VXW�
c@fsOS�v N	�

6.1 Y[ZF\/]^\`_bara!e�ikjmlOnUo cedgfih!ikjml�n
§ �\d�o C�Ë�÷����_5cq ��>�? S z q N �;s�3K� 1 
Èq�s ¶ �g÷�
���N�s

�6�8ú N �cv NV1 
rq�5 1 S9v N s�S(��§ � ¶

�g÷�
O��N9s��6�8ú N ��vp-§�i��sF3�F � S�CAs;�6� |w〉 d ` ¼9N��
1 ÷��M�_5�q � ; NV1qp �6� ¶

|Ψ〉 = |s〉 =
1√
N

N−1
∑

x=0

|x〉 (90)

S6q"Z	ö oÊSAû N	� ? ­ @8BED�F�s�r�ü ¶ ��5fs����NsCv��6�6�c� 2 *,s�vN2t1u ZXv¹ö���� d ��w�xV�)W|q��V��O���� x 5�s�y6�;� √
N sOq4K\n�lOú


 N ��°h÷�
�~1�2� ­ s)ó�ô4z�{ d�| { � �}��� 1 sHó"ô�S8~1�2� ­ d2~ û
ÿ N � 1 
,��DV@	s�S9v N���pc¼ ����s 2 *,s t�u Z�v\�O� 1 ¶ ½Aq�
,��D
@	s�F���}ADM
 �#� *,s;�O� ¶

U1 = 1 − 2|w〉〈w| U2 = 2|s〉〈s| − 1 (91)

S�CMË � � N�� +;_p5�s 2 *�ú t�u ZivES9v N � ¶ ����� 1 ÷�D�«�¬�S-ócF¼9N � ¶ ù�� N �,ÏZq � S ¶ � ���Z· U1 � U � d=M�� ÷��M
p· �
U1 = 1 − 2|w〉〈w|
K���� z q 1�� �6�VsF3�F � |w〉 s��A� d �}L N �O��S9v N s��6ú(��5	�d +;_�W���S;��ÿg÷��M��5�q �

U1 =































1

1

. . .

−1

. . .

1

1































(92)
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1�2AN ú x D6��÷ -1
¶

w W w �È¿�� ��5	� ¶ f(x)
d

f(x) = 0 (∀a 6= w), f(w) = 1 (93)

1 ÷�DV@	s x�@}E�D ­ ÷�
 1	� H�� d�ú �����
U1 = (−1)f(x)δxy (94)

1 ÷�D�@Ms 1	  �HS,v N�� 1 5iÏOS_5�� ¶ �1� CiËò÷�D�R��cñ9k��"��� d
θx = 0 θw = π

d ÷�D�4�S9v N �V���1�p· �4� ú z 
�DiF���D�F 1 
rq 1 �
5�s�O_q���S�C�s;���Vs��A� d ��L N �
�;s�k
� ¶���� U

1
NOT S
� N �

úMx�y�� 1 
rq�5 1 S9v N��

�
13: R��,ñ�k
���
�;s�K�L 2��

������²��ÊÒ · Ç^�+��¦ÑÕ¡�Ã�±�©���¡  |0〉|0〉|0〉, |0〉|0〉|1〉
� ¬�¢ �±Ç

U2

À Â�Â ¥�¦£�^Ò¥¤ |0〉|0〉|1〉ª§¦ ´©¨¡ª¬«®­ � µ ¦�¨ ¶ � Ù
U0 =

„

1 0
0 −1

«

¬ ¤£ë¯¤�Á
|0〉|0〉|0〉 =

„

1
0

«

, |0〉|0〉|1〉 =

„

0
1

«

¬ «§¨ ¬©¢
„

1 0
0 −1

« „

1
1

«

=

„

1
−1

«

¬±°�² � ß „

1
−1

« �´³Ñ¥ ¦
U2 = 2|s〉〈s| − 1µ ÷�· ¶ {8S�+�D�¶4� N s�S(��5�s��O� ¶ J»½��È-

(2|s〉〈s| − 1)|x〉 = 2

√

1

N
|s〉 − |x〉 (∵ 〈s||x〉 =

√

1

N

N−1
∑

x′=0

〈x′||x〉 =

√

1

N
)

(95)d W|q 1 
rq�5 1 ��w�(g÷��M�p· �
� þ d=· +FL�D�þ�S(� U = U2U1 ú(�Av N 2 ��¸�¹ Q9d k
� � �V�M
 N �

ú � F N�� ��s�� d (,� q � +�º(�i��s�v N 2 ��¸�¹ Q_1 ¶

|α〉 ≡ 1√
N − 1

N−1
∑

x=0,x6=w

|x〉 (96)

1√
N

|w〉 (97)
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1 CMË�÷�D;@	s�»9v N�� ; NV1�p �6� ¶

|s〉 =
1√
N

N−1
∑

x=0

|x〉 =

√
N − 1√
N − 1

1√
N







N−1
∑

x=0,x6=w

|x〉 + |w〉







(98)

=

√

N − 1

N
|α〉 +

√

1

N
|w〉 (99)

1 �6� N�� 5i5�»�¼�½�¾
cos

θ

2
≡
√

N − 1

N
, sin

θ

2
≡
√

1

N¿�À	Á �_5�q � 5	�c� U1

d FFÂ N�¿ �
U1|s〉 → cos

θ

2
|α〉 − sin

θ

2
|w〉 (100)

5	� dNÃ�Ä ; N�¿�ì s�O�q���Å N��

Æ � U2 Ç�È s�¹ Q » �;d ; N2É �9ÊNË�» ¶�Ì ��À � �qÍ s�» Ã »�þ Á Í · �Î º
(2|s〉〈s| − 1)|k〉 = 2〈s||k〉|s〉 − |k〉 (101)

»�v�Ï É �ÑÐ |k〉 ¶ U1

d�Ò�À�Ó {,s�Ô�DÈo ­�Õ U2

d�Ò/À�Ó {,s�Ô�DÈo ­ d�t
uFÖ v�z_��×�Ø À Å Ç � Ã »�Ù�; ¿�ì1Ã s�Ocq���ÅFÏ �
Ú ÎÜÛ

U2

¶
U1|s〉

d |s〉 � Ú Í Á ¨�Ý�Þ�ß ��à�Á Í Ï È ¿ �4Å�Ï �4á�â U¶

U =

(

cos θ sin θ

− sin θ cos θ

)

(102)

ã�ä û�å�;XÏ �Xæ�ç ö�è9ö ã�é�ê�ë v�ì1í ¿ ¶ � È ã
î4ï å2ð�Æ4Å4ñ�
�òFÂó Í �NÔ�D�ô ê å�õ Û Å�· |w〉 ö�÷��}Â Ó ¾�»
ø�ù�å�ú�û À OXü � ¿ Í ü2ýã »�þ1Ï ��ÿ ã ð��4Å4ñ�
�������»	�
Uk|s〉 → cos

(

(2k + 1)θ

2

)

|α〉 + sin

(

(2k + 1)θ

2

)

|w〉
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N å�
��
� ¿���Á
√

1

N
= sin

θ

2

N→∞→
√

1

N
∼ θ

2

∴ θ ∼ 2

√

1

N¿ ;��
�������FÅ�����» k ∼ π
4

√
N ñ�»(�������	� 1 » |w〉 å�� Ú Â1Ï�� Ç� É Ï�� p�� ö�� � Ó √

N !4K#"%$ ¿'&)(gÀ	Á Í Ï ã Ç}È�* »+�}L�Ï,� [3]

Ã
14: 2 ñ U å Ò^À	Ó�- s

6.2 Y[ZF\/]^\/./0214365�7989.;:=<?>
â+@BA�¿ ��C Í Á Ê ü ¿ ñED Ç�F � Ï ÉBG+H�ÉX¿ Í ü È ¿ »�þ1Ï,��ñED ãG+Hg¿ � & Ú ��I+J NOT

¿
1 K "iô ãEL�M ÖON î�ï »�ñED Ç�F � Ï ÉBG+HÉX¿ Í ü È ¿�¿ � ÿ ã ñ�D Ç�P�Q » F � Ï É�R ü ÉX¿ Í üS��»1þ1ÏT� U1 ö ÚÍ Á ��U�»�ö�� � Ó � U2 � R ü�»�þWV�ü É2X
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È�È »WY�Z�Å Í\[ ü�ö���]�Ï É ý À * Å Í Ç -HRH Ç R ü Í ��Ó î4ï å^UÏ É+_ Ï�� Ó ò À H �
`�a ê�bWc#d é eEf)g
ê1î�ï � R ��hBikj�ñ�l î�ï�ã
|0〉 ã�m	n�ã _ å î4ï UXÏ�ý ã�o þ�Ï,�

H |x〉 =

√

1

N

N−1
∑

y=0

(−1)x·y|y〉

⇒RH |x〉 = −2

√

1

N
|0〉 + H |x〉

⇒− HR|x〉 = 2

√

1

N
H |0〉 − H2|x〉 = 2

√

1

N
|s〉 − |x〉 (∵ H2 = 1)

ò Ç � È�È o
(2|s〉〈s| − 1)|x〉 = 2

√

1

N
|s〉 − |x〉

o þ1Ï,� Éqp � U2 = −HRH
¿ Í ]�Ï%� Ç�r É Ï�� Ú ÎÜÛ ñ�Ds� PBQ o F �Ï � Â o þ�Ï,�

6.3 tvuw.yx;z|{|1
Æ ö N È ã	} ~%�
ê�ã�� Éqp t ����� Û��XÀ�Ó Í } ~%�Nê Ç þ�Ï�����å^�
]�Ï,� À	ÉiÀ���� jFö�� & � ã -��/¿�� ý î � Û ��Å Í �& Ú ã ¿ � ã [ ü�Å 2

Æ)� ã��	� Ç þ�Ï ¿ ¼B� o þ �NÓ �s� Í ü Î o ý
ÅÍ òsVÜü � À�Ó Ç ��Á�� ñ}ý�� � À=Ó Æ ã [ ü�Å 2
Ú ãB�s� å��)� À�Ó Í �À	ÉiÀ�ÿ ã Î ]4ö Æ ã �B� å^��Ø À	ÁB� È ü

|w̃j〉 =

√

1

t

t−1
∑

a=0

exp

[

2πi

t
ja

]

|wa〉 (j = 0, 1, ...t− 1) (103)

È�* � }�g N�� î4ï å^� Í * � G+H òkV�ü�� È�* å Ú É���Á � È�È ö 2
Ú ã

�k� å��B�)UXÏ
|w̃0〉 ≡

√

1

t

t−1
∑

a=0

|wa〉 (104)

|r〉 ≡
√

1

N − t

t−1
∑

a=0,a6={w0,w1...wt−1}
|a〉 (105)

& � ��� Ç�� ü ã�o�� � É ý À * Å Í Ç �}ý ¿ ã ��� o �\] * �^�W�B�k  o
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þ�Ï��k��¡ ¢}ö r É Ï,� È�* å,£ ��Á�¤ ø�ùk��¥FñW¦^§
|s〉 =

√

1

N

t−1
∑

a=0

=

√

N − t

N − t

√

1

N







t−1
∑

a=0,a6={w0,w1...wt−1}
|a〉 +

t−1
∑

a=0

|wa〉







=

√

N − t

N
|r〉 +

√

1

N

t−1
∑

a=0

|wa〉

=

√

N − t

N
|r〉 +

√

t

N
|w̃0〉 (106)

¿ î � o �m� 2
Ú ãEL�M ÖON©¨ �)ªs�

U2 = 2|s〉〈s| − 1 (107)

U1 = 1 − 2

t−1
∑

j=0

|w̃j〉〈w̃j | (108)

o �B��UXÏ,� UXÏ ¿'«�¬

U1

{
√

N − t

N
|r〉 +

√

t

N
|w̃0〉

}

=

√

N − t

N
|r〉 +

√

t

N
|w̃0〉 − 2

√

N − t

N

t−1
∑

j=0

〈w̃j ||r〉|w̃j 〉 − 2

√

t

N

t−1
∑

j=0

〈w̃j ||w̃0〉|w̃j〉

È�È o w̃j ��­ À Í } ~%��ê�ã�® ¯ � � à � |r〉 ��­ À �2Å Í }�~���ê�ã�®W¯� � à o þ�Ï È ¿�É#p
〈w̃j ||r〉 = 0 (109)

° p ö 4 ±9²,��� j = 0
ã ¿ �

〈w̃0||w̃0〉 = 1 (110)

j 6= 0
ã ¿ �
{

t−1
∑

a=0

exp

[

−2πi

t
ja

]

〈wa|
}

t−1
∑

a=0

|wa〉 =

t−1
∑

a=0

exp

[

−2πi

t
ja

]

= 0 (111)

o þ�Ï É#pqá1â
U1|s〉 =

√

N − t

N
|r〉 −

√

t

N
|w̃0〉 (112)

È�* ö U2 å É Â * ��� È�* ý�¥FñW¦^§Q�+³ �W´ jFö U2(U1|s〉) = (2|s〉〈s| −
1)(U1|s〉) = A|s〉 − Uq|s〉 (A ��µ�¶�·	� Q ) ò É#p
þ ¿ �

cos
θ

2
=

√

N − t

N
, sin

θ

2
=

√

t

N
(113)

37



Ã
15: ¸ Q ã	}W~��
ê�ã -��

¿ U * � U � |r〉 |w̃0〉
��� o ��ñ�l
U =

(

cos θ sin θ

− sin θ cos θ

)

(114)

å2Ù)U�� � ¹ ý,ºB»�ò Ç}È�* ý%¥Fñ ¿ ¦O¼ [ ü�Å^½ Û¿¾ o ð��4Å�ñ Q k å��
� o � á�À òFÂ^Á)U ¿

k ∼ π

4

√

N

t
(115)

å�ÂXÏ,� È�È o ×4Ø À	Á�Ã^À Í ã ��� È ã�é�êÜë N ì1í ok}W~��Nê�ã � ÛT�À ö�ÄkÅ À�Ó+-�� � &�Îi¿�� ö+� Û�� U ¿ Í üÆ� o þ�Ï��W� Û,� U1øFù Ç
|w̃0〉 =

√

1
t

t−1
∑

a=0

|wa〉 ö�×�Ø)U * � r É Ï�òkV�ü�� È ü Í ��Ó Ø	Ç o �BÈ+Ékj
ö�¸ Q ã	}W~���ê å�� Û�� U ¿ � P À Ø	Ç Ç�� ü É ý À * Å Í �

6.4 Ê9Ë?ÌwÍ
� ½ �
Ó È ¿ ��­ À Í }�~,�Nê�ã � Q t Ç�Î)Ï ã+Ð �B��!+ÑO"T$ � √N

t
ñÒ Í ü¿��ò ��Ó � ÿ È o Æ ö t

Í � Ú É Ç+r É#p%Ó Í � Ò Í ��Ó�-)� ã t åÔ �+Õ+_ [ ü�� Î�Ö ø�ù�ö U å m ñ ¨ �?× Õ ½XÏ,� UXÏ ÒØ¤ ø�ù
�
|s〉 → sin (2m + 1)θ|g〉 + cos (2m + 1)θ|b〉 (116)
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Ò�Ó Ï%�s��ý�ü Í�Í òkVXü�� Ó ò#× È�È o �
sin θ =

√

t

N

|g〉 =

√

1

t

∑

good

|a〉

|b〉 =

√

1

N − t

∑

bad

|a〉

U1 = 1− 2
∑

good

|a〉〈a| (117)

Ò × Õ þ�Ï�� È�È o m ñ�å &EÙ)Ú å Ò × Õ � ÿ ã ñ Q Éqp t å Ô �\p * Ó ÍÉqÒ Í ü ã Ç � ñ ã ²SÛ o þ�Ï,� ÿ ÜWÓ�Ù)Ú ã Ô ��¾ � « ��U o ö]� ��Ý j
ò Ç ½ �+Õ Í Ï,� b#Þ�é�ã	}�g N�� î4ï å^� Í Ó é�êÜë N ì1í o þ�Ï,�ß à
á�â�ã	ä
å Ú ø�ù

√

1

N

N−1
∑

a=0

|a〉 ö
√

1

P

P−1
∑

m=0

|m〉 å�æ#ç�è U�� Ð
N,P � 2

ã �\�
é Õ Ú	ê Û

√

1

P

P−1
∑

m=0

|m〉
√

1

N

N−1
∑

a=0

|a〉 (118)

å ¤�� ö�ëEì�UOí,�

î
16:
Ù)Ú å Ô � í

ï * ö]� (2)
ã ñBD�ö�òkç U å m ñ ð (1)

ã ñED Ò'&)( UOí [ ü	ö�ñ ¨ �
× Õ ½�í,�

39



î
17: P=4

ã�ò

ó ö^UOí Ò

|s′〉 → |s′′〉 =

√

1

P

P−1
∑

m=0

|m〉
√

1

N

N−1
∑

a=0

Um|a〉

=

√

1

P

P−1
∑

m=0

|m〉
√

1

N

N−1
∑

a=0

[sin (2m + 1)θ|g〉 + cos (2m + 1)θ|b〉]

(119)

ï)ï o |s′′〉 å }�g N�� î4ï × Õ ð |m〉 →
√

1
P

P−1
∑

n=0

exp

[

2πi

P
nm

]

|n〉 ñ

|s′′〉 → |s′′′〉 =
1

P

P−1
∑

m=0

P−1
∑

n=0

e
2πinm

P |n〉 [sin (2m + 1)θ|g〉 + cos (2m + 1)θ|b〉]

(120)ï)ï o
m ö�ôWõ ÕEö å Ò í Ò �+���
��÷sø+UOí�ù

|s′′′〉 =
1

2
e

−iπn
P

P−1
∑

n=0

|n〉
[

eiπf sin π(n + f)

P sin π(n+f)
P

(−i|g〉 + |b〉) + e−iπf sin π(n − f)

P sin π(n−f)
P

(i|g〉 + |b〉)
]

(121)

å�ÂOí,� ð f = Pθ
π
ñ ï ã�ú�û ��� n = [f ]

Ò
[P − f ] ösü gsý å�þWô ã�o �

|n〉 å�ú�û U * ����ÿ õ��k� o f å�Â#í�� ÿ *�� p � t
N

= sin2 θ = sin2 (πf
P

)

ö [ �EÕ ��� ¹ θ
ÿ × Õ t å�Âqí,�
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ê�� ÿ ã�� ¹ �
t

N
= sin2 θ

[	�
∆t

N
= sin2 (θ + ∆θ) − sin2 θ

= (sin (θ + ∆θ) + sin θ) |sin (θ + ∆θ) − sin θ|ï)ï o |sin (θ + ∆θ) − sin θ| ≤ |∆θ|
|sin (θ + ∆θ)| < sin θ + |∆θ| ò � p
 ó

< (2 sin θ + |∆θ|) |∆θ|
� �+Õ ∆t

N
< (2 sin θ + |∆θ|) |∆θ|

⇔ ∆t <

(

2

√

t

N
+ |∆θ|

)

|∆θ| × N

|∆θ| ≤ 2−m × π
[	�

⇔ ∆t <

(

2

√

t

N
+

π

2m

)

N

2m
π

⇔ ∆t <

(

2

√

t

N
+

π

P

)

N

P
π

∴ ∆t <
Nπ

P

[

π

P
+ 2

√

t

N

]

(122)

Ò�Ó í,� P å�
��
�'U * �
���
�+õ#� p o ý�� ° � Ó í�ù(����ö����k!BÑ|"
$W���#� Ó �+Õ × ê ü��
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o � ¤�¥t¦ +
x ,
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BB84
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Ò
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